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Rotating and/or charged black hole spacetimes possess a Cauchy horizon, beyond which Einstein’s
equations of General Relativity cease to be deterministic. This led to the formulation of the Strong
Cosmic Censorship conjecture that such horizons are unstable. We consider linear field perturba-
tions of rotating and electrically-charged (Kerr-Newman-de Sitter) black holes in a Universe with a
positive cosmological constant. By calculating the quasinormal modes for scalar and fermion fields,
we provide evidence for the existence of weak solutions to Einstein’s equations across the Cauchy
horizon in the nearly-extremal regime. We thus provide evidence for violation of Strong Cosmic
Censorship in these rotating black hole spacetimes.
I. INTRODUCTION
Black holes are exact solutions of Einstein’s equations
of General Relativity. When a black hole is rotating
and/or is electrically charged, there is a null hypersurface
in its inside, called the Cauchy horizon, beyond which
the Cauchy value problem is not well-posed: Einstein’s
equations cease to be deterministic. However, black holes
in Nature form from the gravitational collapse of matter
and they are not in isolation. It is therefore important
to ascertain whether the Cauchy horizon is stable under
matter field perturbations.
Penrose’s strong Cosmic Censorship (SCC) [1] essen-
tially conjectures that the Cauchy horizons are unsta-
ble, so that Einstein’s equations are deterministic inside
– as well as outside – the black holes that exist in Na-
ture. More specifically, Christodoulou’s formulation of
SCC [2] conjectures that Einstein equations do not admit
weak solutions (i.e., metric solutions with a locally square
integrable derivative) across a Cauchy horizon formed
from generic initial data. Given the notorious difficulty
in solving Einstein’s nonlinear and coupled equations, it
is useful and common to, instead, analyze the equations
of linear field perturbations which, in their turn, source
higher order metric perturbations. The linear perturba-
tions can be gravitational or some matter field’s – either
as an analogue of the linear gravitational perturbations
or of physical interest in their own right.
It has been shown that SCC, whether in its nonlin-
ear or linear version, is respected for non-rotating and
charged (Reissner-Nordstro¨m) black holes [3–7], as well
as rotating and neutral (Kerr) black holes [8–10]. Within
the linear perturbation setup, this is essentially due to the
fact that the perturbation, even though it decays outside
the black hole, it does not do so fast enough to compen-
sate for the blueshift that it experiences as it approaches
the Cauchy horizon. This leads to the field energy of
the field blowing up at the Cauchy horizon. That is the
case for all the asymptotically flat black holes mentioned
above [60], i.e., black holes in a Universe with zero cos-
mological constant, Λ = 0. However, the existence of
a positive cosmological constant Λ > 0 in the Universe,
i.e., a de Sitter (dS) Universe, may “disperse” the field
perturbation enough so that when it reaches the Cauchy
horizon it is not strong enough to destabilize it. We will
therefore only consider black holes in a dS Universe fom
now on.
A way of measuring the “strength” of a linear field per-
turbation outside a black hole is via the so-called quasi-
normal modes (QNMs; see, e.g., [11, 12] for reviews).
These are field modes with a complex frequency ωQN ,
whose imaginary part determines the decay rate of the
mode outside the black hole. Indeed, a key quantity
is β ≡ −Im(ωQN )/κ− for the slowest-decaying QNM,
where κ− is the surface gravity of the Cauchy horizon. It
has been shown [13–19] that, for Reissner-Nordstro¨m-dS
(RNdS) and Kerr-dS black holes, β > 1/2 corresponds to
the linear perturbations being locally square integrable at
the Cauchy horizon and so to violation of Christodoulou’s
SCC. Furthermore, β > 1 indicates regularity of the cur-
vature invariants on the Cauchy horizon when includ-
ing gravitational backreaction. Indeed, nonlinear results
(e.g., [20–23]) suggest that conclusions about SCC drawn
at the linear level carry over to the nonlinear level.
In the case of RNdS, it has been recently shown that
β > 1/2, and even β > 1 [61], are possible in the
nearly-maximal charge regime (i.e., for a near-extremal
RNdS black hole) when considering various types of lin-
ear perturbations: massless or massive, charged or neu-
tral, scalar [17, 24–27] (see also [28]), neutrino [16, 18]
or gravitoelectromagnetic [15] fields. Still within spheri-
cal symmetry but in the nonlinear setup, SCC violation
has been found near extremality by evolving initial data
for a massless or massive, neutral scalar field minimally
coupled to the Einstein-Maxwell system in dS [23]. We
note that the recent work in [29], however, claims that
SCC is preserved in that setting when adding charge to
the massless scalar field.
It is, however, expected that all black holes in Nature
are rotating (e.g. [30]) and so it is particularly impor-
tant to investigate whether the Cauchy horizons of ro-
tating black holes are stable. So far, all investigations
for rotating black holes were in the linear scenario and
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2they all found that SCC is preserved (β < 1/2). That
was shown in [14] for massless neutral and minimally-
coupled scalar perturbations as well as for gravitational
perturbations of Kerr-dS (see also App.B). In charged
Kerr-dS (i.e., Kerr-Newman-dS, KNdS), SCC preserva-
tion was observed in [31] for massless neutral fields, where
only angular momentum a above a certain critical value
was considered, and in [32], where only a limited range
of parameters was investigated.
In this work we show that violation of SCC can ac-
tually be achieved in KNdS black holes. Specifically,
we calculate the QNMs of massless, both neutral and
charged, (conformally-coupled) scalar and fermion linear
field perturbations of KNdS. We then show that β > 1/2
(if only considering fields with small charge, even β > 1)
is possible in the near extremal and non-highly-rotating
regime.
II. PERTURBATIONS OF KNdS BLACK HOLES
The line-element of KNdS black holes with mass M ,
angular momentum per unit mass a and charge Q can be
written, in units c = G = 1, as [33, 34]
ds2 = − ∆r
ρ2Ξ2
(
dt− a sin2 θdϕ)2 +
∆θ sin
2 θ
ρ2Ξ2
(
a dt− (r2 + a2)dϕ)2 + ρ2(dθ2
∆θ
+
dr2
∆r
)
,
(1)
where t, r ∈ R, θ ∈ [0, pi], ϕ ∈ [0, 2pi),
ρ2 ≡ r2 + a2 cos2 θ, ∆θ ≡ 1 + α cos2 θ, (2)
∆r ≡ (r2 + a2)
(
1− r
2
L2
)
− 2Mr +Q2, (3)
α ≡ Ξ− 1 ≡ a2/L2 and L ≡√3/Λ. The radial function
∆r has four roots: the radii of the event horizon r+, of
the Cauchy horizon r−, of the Cosmological horizon rc
and a negative root r−−; they satisfy r−− < 0 < r− ≤
r+ < rc. Each horizon j ∈ {+,−, c} has an associated
angular velocity Ωj = a/(r
2
j + a
2), surface gravity κj =
|∆′r(rj)| /(2 Ξ (r2j +a2)) (such that κ+ ≤ κ−) and electric
potential φj ≡ φ(rj), where φ(r) ≡ Qr/
(
Ξ
(
r2 + a2
))
.
Extremal black holes correspond to r− = r+, which is
achieved at the upper bounds Q = Qmax and a = amax
for charge and rotation. In the extremal limit, it is κ+ ∼
κ− → 0+.
We consider linear perturbations of KNdS by a mass-
less field of charge q and spin s, with s = 0 for a scalar
field with conformal coupling parameter ξ = 1/6 and
s = ±1/2 [62] for a fermion field [63]. The equations
obeyed by these perturbations separate by variables (and
decouple for s = ±1/2). The field perturbations thus ad-
mit a decomposition into modes, for which the time and
azimuthal-angle dependence is e−iωt+imϕ, where ω ∈ C is
the mode frequency and m ∈ Z. The radial and angular
factors obey the following ordinary differential equations,
respectively [35]:[
∆−sr ∂r∆
s+1
r ∂r +
W 2 − isW∆′r
∆r
+ 2isW ′ − Y
]
R(r) = 0,
(4)[
∂u∆u∂u − 1
∆u
(
H +
s
2
∆′u
)2
+ 2sH ′ −X
]
S(u) = 0,
(5)
where
W ≡ Ξ[ω(r2 + a2)− am]− qQr,
Y ≡ 2
L2
(s+ 1)(2s+ 1)r2 + sλ`m. (6)
and
H ≡ Ξ[aω(1− u2)−m], ∆u ≡ (1− u2)(1 + αu2),
X ≡ 2(2s2 + 1)αu2 − sλ`m + s(1− α), u ≡ cos θ. (7)
The primes in ∆′r and W
′ denote derivatives with re-
spect to r and in ∆′u and H
′ with respect to u. Here,
sλ`m = sλ`m(ω) is the angular eigenvalue, where |m| ≤
` = |s|, |s|+1, |s|+2, . . . is a multipolar index that labels
the eigenvalues.
QNMs correspond to frequencies ω = ωQN such that
the radial solution is purely ingoing into the event hori-
zon and purely outgoing to the cosmological horizon, i.e.,
neglecting constant factors,
∆sr R ∼ e−iω+r∗ , r → r++,
R ∼ e+iωcr∗ , r → r−c , (8)
where r∗ is defined via dr∗ = Ξ(r2 + a2)dr/∆r and
ωj ≡ ωQN−mΩj−qφj , with j ∈ {+, c}. The QNM condi-
tion effectively turns the radial Eq. (4) into an eigenvalue
problem similar to that of the angular Eq. (5). For each `
and m there exists an infinite number of QNMs, labelled
by the so-called overtone index n = 0, 1, 2, ... for increas-
ing values of −Im(ωQN ); the “fundamental” n = 0 being
the slowest-decaying overtone.
III. QNM FAMILIES
The QNMs of black holes in dS, including KNdS, can
be broadly divided into three families: the photon-sphere
(PS), the near-extremal (NE) and the de Sitter (dS)
modes.
The PS modes are associated with the unstable spher-
ical photon orbits of the spacetime. The eikonal ap-
proximation (i.e., large-`) yields an expression for the
3PS modes in terms of properties of the photon or-
bits [14, 32, 36–40]. We have numerically checked that
the slowest-decaying PS mode in KNdS is the one with
` = m, which corresponds to the co-rotating equatorial
photon orbit. We derived [41] the eikonal approxima-
tion for the PS frequencies for ` = m for a neutral field
(the s-dependence only comes in at higher-order terms
for large-` [39]) in KNdS space-time and we obtained
ωPS ≡ ζ Ωph − i
(
n+
1
2
)
λ. (9)
Here, Ωph and λ are, respectively, the angular velocity
and the Lyapunov exponent (i.e., the inverse of the in-
stability timescale) of the (unstable) co-rotating circular
photon orbit at a radius r = rph on the equatorial plane;
their expressions are given in App.C. We have checked
numerically that ζ = ` + 1/2 works well for small a/M
and ζ = m for large a/M (see Sec.IV.B [42] in Kerr). The
imaginary part in Eq. (9) for n = 0 agrees very well with
our numerical results across all a/M . We have numeri-
cally observed that, when considering the field to have a
charge q, a better approximation to the real part of the
PS modes is that in (9) plus q φ(rph).
In their turn, the NE frequencies are obtained by car-
rying out near-extremal asymptotics and assuming that
their imaginary part goes to zero in that limit (e.g., [43]
in Reissner-Nordstro¨m, [42, 44] in Kerr and [24, 26] in
RNdS). We carried out a similar near-extremal asymp-
totic analysis in KNdS and we obtained [41]:
ωNE ≡ mΩ+ + qφ+ + κ+
(
mΩ¯ + qφ¯
)−
iκ+
(
n+
1
2
+
√
(s+ 1/2)2 + λ¯− (mΩ¯ + qφ¯)2) , (10)
where Ω¯ ≡ Ω−−Ω+2κ+
∣∣∣
r+→r−
, φ¯ ≡ φ−−φ+2κ+
∣∣∣
r+→r−
and
λ¯ ≡ L
2
sλ`m(mΩ+ + qφ+) + 2r
2
+(1 + s)(1 + 2s)
(rc − r+)(rc + 3r+)
∣∣∣∣∣
r−→r+
.
(11)
We note that Eq. (10) was obtained using the right QNM
boundary condition at r+ but an ad hoc boundary con-
dition away from r+ so that it is an approximation to
the NE frequencies that works better the closer rc is to
r+ [64].
Finally, the dS modes are associated with KNdS space-
time with M = Q = 0 (i.e., vacuum and event horizon-
less). We see numerically that the dS frequencies are well
approximated by
ωdS ≡ mΩc,0 − i(`+ n+ 1)κc,0, (12)
where Ωc,0 ≡ aa2+L2 and κc,0 ≡ La2+L2 are, respectively,
the angular velocity and surface gravity of the cosmolog-
ical horizon r = rc for M = Q = 0. This approximation
in KNdS was motivated by the QNMs in pure de Sitter
spacetime [45] and by the corresponding expressions in
RNdS [16, 24]. Eq. (12) is for neutral fields, for large q
we observed numerically that the real part goes to that
in (12) plus qφc|M=Q=0.
We now discuss the dominance at late times of the
various mode families in the case of neutral fields and
in the near-extremal black hole regime. Importantly,
there exists a critical value a¯ such that for a < a¯ the
square root in Eq. (10) is real for any ` and m. On the
other hand, for a > a¯, the square root becomes com-
plex for some large enough value of m. Furthermore, we
have checked that, as r+ → r−, λ ∼ κ+ → 0 if a & a¯
whereas λ goes to a nonzero value if a . a¯ [65]. Conse-
quently, for a & a¯, Im (ωPS) goes to zero and βPS goes
to a nonzero finite value; we have checked that, in this
case, the PS family is the dominant one. On the other
hand, for a . a¯, Im (ωPS) does not go to zero and the
NE family is the dominant one. With regards to the dS
modes, the slowest-decaying ones in the approximation
(12) are clearly those with n = 0 and the smallest mul-
tipole number: ` = |s|. We have numerically checked
that, indeed, the slowest-decaying dS modes are those
with ` = m = |s| = 0, 1/2, and that is also true for the
NE modes.
Let us now turn on the field charge. The symmetries
of the QNM eigenvalue problem (namely, Eqs. (4), (5)
and (8)) imply that, under {m, q} → {−m,−q}, we have
ωQN → −ω∗QN . Thus, consider, in particular, the m = 0
modes: for q = 0 they lie symmetrically with respect
to the negative imaginary axis, but that symmetry is
broken as |q| increases. Indeed, this leads to two different
behaviours in the PS modes as |q| increases, depending
on whether the real part of the frequencies for q = 0 is
positive or negative. The m = 0 dS and NE modes, as
opposed to any other modes, lie on the imaginary axis
for q = 0 and, as |q| increases, they move away from it
singly (i.e., without splitting into modes with different
behaviours).
A particularly important limit is that of large field
charge. We have carried out a WKB analysis in that
limit for the charged, (conformally-coupled) scalar and
fermion fields in KNdS, similar to the analyses in [18, 26]
in RNdS. Our large-q WKB expression for the QNM fre-
quencies ωj , with j ∈ {+, c}, is
ωj,q ≡ sj
κj(r
2
j + a
2)
2Q(r2j − a2)
λq − i
2
κj +O
(
1
q rc
)
, (13)
corresponding to a “black hole family” (j = +) and a
“cosmological family” (j = c). Here, s+ ≡ +1, sc ≡ −1
and λq is the coefficient in the leading-order eigenvalue
asymptotics for large q: sλ`m = λq q+O(1), which results
from sλ`m = O(ω) = O(q) (e.g., [46] in Kerr). These
two WKB families are the limiting values for the two
different behaviours in the PS modes mentioned above
4when the symmetry is broken as q increases from zero.
Also, the NE modes asymptote to ω+,q for large-q (as
can be checked by comparing (10) for large-q with (13)
for j = + in the near-extremal limit).
IV. RESULTS FOR COSMIC CENSORSHIP
The actual value of β for a field perturbation in KNdS
is equal to min{βPS, βNE, βdS}, where βPS/NE/dS denotes
the “exact” value of β for the PS/NE/dS family of modes.
We briefly describe in App.A the method that we used for
calculating the exact QNM frequencies and βPS/NE/dS.
The relationship described in the Introduction between
the regularity of the of the Cauchy horizon and the values
β = 1/2 and 1 continues to hold (for the ingoing part
of the Cauchy horizon) in our setup in KNdS, since we
have extended [41] to our s = 0, 1/2 fields in KNdS the
analyses in [15, 19]. We next present our results for β and
SCC, first considering neutral fields and later charged
fields.
Fig.1 shows contour plots of β for the neutral spin-0
and spin-1/2 fields as a function of angular momentum a
and black hole charge Q (near Qmax) for fixed cosmolog-
ical constant Λ. It also shows the regions where each PS,
NE and dS family dominates. Fig.1 clearly shows that
there exist regions of parameter space where β > 1/2,
including subregions where β > 1 for both spin-0 and
spin-1/2 fields. Generally, the closer Q is to Qmax for
fixed a/M , the larger the β; when increasing a/M for
fixed Q, β decreases until reaching a minimum and then
it increases (while not surpassing β = 1/2). The region
of largest β, within the parameter ranges included, is for
Q closest to Qmax, as expected, and smallest a/M . With
regards to the dominance of the three families of modes,
for s = 0 the NE family dominates in the region of smaller
rotation and larger charge; the dS family in the region of
smaller both rotation and charge; and the PS family in
the rest of the range in the plot. For s = 1/2 it is similar
to s = 0 except that the PS family also dominates in the
region of smaller both rotation and charge. Finally, we
note that we consistently found β < 1/2 for spacetime
parameter values outside the ranges in Fig.1.
We now wish to see the effects as we turn on the field
charge q. It follows from Eq. (13) that the β values for
the two large-q WKB families j ∈ {+, c} asymptote to
βj ≡ κj/(2κ−). Since βc → ∞ and β+ → (1/2)− in the
extremal limit, the relevant scenario for SCC in the large
q regime is the black hole WKB family near extremality.
Furthermore, since β+ ≤ 1/2, in principle, β should not
be larger than 1/2 for large q. However, the WKB anal-
ysis leading to (13) has ignored non-perturbative terms
and so we proceed to show results of our “exact” nu-
merical investigation. The top plot in Fig.2 shows the
imaginary part of the most dominant QNM frequencies
as a function of q for s = 0 near extremality. The be-
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Figure 1: Contour plots of β as a function of a/M (on a linear
scale) and Q/Qmax (on a log-scale) for q = 0, ΛM
2 = 0.02;
field spin s = 0 (top) and s = 1/2 (bottom). The red and
orange curves correspond to, respectively, β = 1 and β =
1/2. For reference, we include in the s = 0 case, the purple
curve corresponding to βPS = 1. The blue curves separate
the regions of dominance of the PS, NE and dS families (in
the s = 0 case, the curve separating the regions of NE and dS
dominance is not drawn since there is a mode swopping [41],
but it roughly corresponds to the continuation to a = 0 of the
blue line before it drops; in the s = 1/2 case, the dS family is
not dominant anywhere in the region considered).
haviour of the PS modes as q increases is rather distinct
in two regimes. For a . a¯, βPS is well above 1/2 at least
over a significantly large q region and so the NE domi-
5nate there. For a & a¯, on the other hand, βPS rapidly
approaches (seemingly monotonically – see the inset) the
asymptotic value β+ ≤ 1/2, thus preserving SCC. Let us
now turn to the NE modes. As q increases from zero,
βNE decreases until (approximately) the square root in
Eq. (10) becomes purely imaginary - let us denote by
q = q¯ that critical value. Then, for q > q¯, βNE displays
“wiggles” around the asymptotic value β+. These wig-
gles are a non-perturbative effect missed by the WKB
analysis and their amplitude decreases rapidly with q.
As a consequence, the severe SCC violation with β > 1
observed for q = 0 is foiled for large q. On the other
hand, the presence of the wiggles means that, for a . a¯
and a given arbitrarily large value of q (or at least over
the significantly large q region where βPS > 1/2), one
can find interval(s) of values of Q close enough to Qmax
in which β > 1/2 [66]. As is clear from the plot, however,
as q increases, one would need more and more (`,m) NE
modes to synchronize their wiggles so that β > 1/2 can
be achieved. The bottom plot of Fig.2 is like the top plot
but for s = 1/2 instead. Its features are essentially the
same as for s = 0 except for the notable difference that,
whereas βNE for s = 0 increases with rotation (for fixed
q) before the wiggles, it instead decreases for s = 1/2.
Accordingly, whereas the wiggles start at a larger value
of q as rotation increases for s = 0, they instead start at
a smaller value of q for s = 1/2. Thus, increasing rota-
tion within a . a¯ helps achieve SCC violation β > 1/2 for
s = 0 whereas it hinders violation for s = 1/2. In terms of
the specific (`,m) modes, it is worth noting that, whereas
m = ` = |s| = 0, 1/2 is the dominant NE mode before
the wiggles, that is no longer the case in the wiggling
region as higher `’s (and m 6= `, as is clear in the bottom
plot) start wiggling at larger values of q so that they may
become the dominant NE modes for some intervals there.
Last but not least, Fig.3 shows that wiggles also appear
in β as a function of 1− r−/r+ [67]. As may be inferred
from Fig.2, the amplitude of the wiggles here increases
with rotation for s = 0 but decreases for s = 1/2. Since
β+ → 1/2 in the extremal limit, for a . a¯ and a given
field charge q > q¯, one can in principle find black holes
sufficiently close to extremality which have a β > 1/2,
thus violating SCC. Fig.3 provides examples of regions of
(rotating and non-rotating) black hole parameter space
where violation occurs when including both s = 0 and
s = 1/2 charged fields. Every time the wiggles go above
1/2, we catch a glimpse of SCC violation which, as we
discussed for Fig.2, fades away as q increases.
V. DISCUSSION
We have calculated the various families of QNMs for
neutral and charged, scalar and fermion field perturba-
tions of KNdS black holes. We have shown that there
exist regions of phase space {M,a,Q,Λ} where β > 1/2
a = 0
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0.5
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0.4996
0.500
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0.5008
Figure 2: Plots of −Im (ωQN ) /κ− for the most domi-
nant modes as a function of q rc for r+ = rc/3, Q =(
1− 10−4)Qmax for various values of a and for s = 0 (top)
and s = 1/2 (bottom). For reference, here it is a¯ ≈ 0.135rc
and, in units of M , the spacetime parameter values are
Q/M ≈ 0.897, a/M ≈ 0.512 and ΛM2 ≈ 0.1273 in the case
a = 0.15rc. The values for the dS family and those for the PS
family not shown are larger than the ranges included in the
plots. The (`,m) values of the modes used for each family is
indicated in the labels (for PS, a higher ` = m > 10 is more
dominant but the pattern of fast decay to 1/2 continues to
hold); the insets zoom in on the PS family for small qrc.
for both scalar and fermion fields, signaling the existence
of weak solutions across the Cauchy horizon (and, if only
considering neutral fields, even β > 1, signaling regular-
ity of the curvature at the Cauchy horizon). To the best
of our knowledge, this is the first time that evidence for
violation of SCC has been provided for a (4-dimensional)
rotating black hole.
Regarding the parameter space considered, we have
included black hole rotation and nonzero cosmological
constant, which are important for modelling black holes
in Nature and the accelerated expansion of the Uni-
verse [47, 48]. However, the large values of black hole
charge required for SCC violation are astrophysically un-
realistic [49]. As for the matter fields, considering them
to be charged is required for the formation of a charged
black hole. Again, physically realistic values correspond
to q rc  1, where the glimpses of SCC violation fade
6a = 0
a = 0.04 rc
 = 0, q = 0.95 rc = 1/2, q = 1.60 rc
10-6 10-5 10-4 0.001
0.44
0.46
0.48
0.50
0.52
0.54
0.56
0.58
1-r-/r+
β
Figure 3: Plot of β as a function of 1− r−/r+ for r+ = rc/2
for the cases: (i) s = 0 and q = 0.95rc (continuous), and (ii)
s = 1/2 and q = 1.6rc (dotdashed), both for a = 0 (blue) and
a = 0.04rc (orange). The critical value β = 1/2 is indicated
as a horizontal dotted black line.
away. However, at least from a fundamental perspective,
the SCC violation that we have shown remains disturb-
ing. From that perspective, two different options pro-
posed recently are probably worth investigating further:
the inclusion of non-smooth initial data [50] or of quan-
tum effects (e.g., [51] in RNdS).
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Appendix A: Numerical method
In order to obtain the exact QNM frequencies, we ex-
tended to KNdS the method that Leaver [52] originally
developed and applied to Kerr spacetime and was later
extended to Kerr-dS in Ref. [53]. Essentially, the method
consists of expanding the angular solution S(u) about
one endpoint u = ±1 and then requiring regularity at
the other endpoint, which leads to a continued fraction
equation for sλ`m(ω). Similarly, expanding the radial so-
lution R(r) about the cosmological horizon r = rc and
requiring the QNM boundary condition (8) leads to a
continued fraction equation (which involves sλ`m) for the
frequency. We then numerically solve the coupled set of
the two continued fraction equations.
Our numerical method for obtaining QNM frequencies
requires initial seeds, for which we used a combination
of the analytic expressions in Eqs. (9), (10) and (12) to-
gether with frequencies that we numerically calculated
previously at slightly different values of black hole and
field parameters.
As a first check of our method, we found, in KNdS,
agreement to all digits with the QNMs in tables in [54]
for |s| = 1/2 as well as visual agreement with Fig.3 [55]
(see App.B for agreement in Kerr-dS). We shall give full
details of the method in [41].
Appendix B: QNMs and SCC in Kerr-de Sitter
We also ran our code in Kerr-de Sitter (i.e., Q = 0)
with two objectives. First, as a further check of our code:
we checked that, for s = −2, we found agreement to all
digits with the QNMs in tables in [53] as well as visual
agreement with their plots.
The second objective is to investigate the claim in [56]
that, in Kerr-dS, β > 1/2 is possible for s = 1/2. In Fig.4
we plot the imaginary part of the most dominant QNM
frequencies for spin-1/2 as a function of a/amax in the
case of Fig.2 (top left) in [56], where [56] claims violation
of SCC. Our curves for the dS modes for ` = 1/2 and
` = 3/2 agree with the curves in [56] (after the curve for
` = 1/2 crosses β = 1/2, though, there is a swopping of
modes [41] and the difference between our curve and the
one in [56] is just a matter of family labelling – in any
case, this is irrelevant for SCC). However, our Fig.4 shows
that, while the slowest decaying mode for ` = 1/2 is
indeed a dS mode, the slowest decaying mode for ` = 3/2
is instead a PS mode. It seems that this mode is missed
by [56] and, since it has −Im (ωQN ) /κ− < 1/2, it is in
fact crucial for saving SCC. We have carried out similar
comparisons for other values of black hole parameters
(including the region in Fig.2 (top right) in [56] where
violation is claimed) and find the same outcome: Ref. [56]
seems to follow the dS family only and others modes save
SCC where [56] claims violation.
dS Mode, ℓ =  = 1/2
PS Mode, ℓ =  = 3/2
dS Mode, ℓ =  = 3/2
0.990 0.992 0.994 0.996 0.998 1.000
0.2
0.4
0.6
0.8
1.0
a/amax
-Im(
ω QN)/
κ -
Figure 4: Plot of −Im (ωQN ) /κ− for the dominant modes of
a (neutral) spin-1/2 field in Kerr-dS (Q = 0) as a function of
a/amax for ΛM
2 = 0.001. The mode family and (`,m) values
are indicated in the inset. Cf. Fig.2 (top left) in [56].
7Appendix C: Equatorial circular photon orbits
Here we give explicit analytic expressions for the angu-
lar velocity and the Lyapunov exponent of the equatorial
circular photon orbits in KNdS. These quantities yield
the QNM frequencies for the PS family in Eq. (9).
Denote by r±ph the radii of the (prograde and retro-
grade) equatorial circular photon orbits with r+ ≤ r+ph ≤
r−ph. The angular velocities of these orbits are then given
by Ω±ph = 1/b
±
ph, where
b±ph ≡ a
a2
(
r±ph
)2
+ L2
(
r±ph(3M + r
±
ph)− 2Q2
)
a2
(
r±ph
)2
− L2
(
r±ph(r
±
ph − 3M) + 2Q2
) . (C1)
Analyzing null geodesics resulting from perturbations
away from these orbits, r = r±ph + δr
±, we obtain δr± =
exp(λ±t) where
λ± =
∣∣∣∣∣∣∣∣
√√√√3Mr±ph − 4Q2
Mr±ph −Q2
β±ph
[
a2 − a b±ph +
(
r±ph
)2]
Ξ b±phr
±
ph(b
±
ph − a)
∣∣∣∣∣∣∣∣
(C2)
are the associated Lyapunov exponents, such that λ+ ≤
λ−, and
β±ph ≡
√√√√
1 +
(
a− b±ph
)2
L2
.
In order to reduce index cluttering, it is λ ≡ λ+, Ωph ≡
Ω+ph and rph ≡ r+ph in the main text.
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